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I. INTRODUCTION
The evidence in favor of neutrino oscillations found in atmospheric [1,2] and solar [3]
neutrino experiments and in the LSND accelerator neutrino experiment [4] implies the ex-
istence of at least three independent neutrino mass-squared differences (see [5] for a simple
proof):
∆m2sun ∼ 10−10 eV2 (VO) or ∆m2sun ∼ 10−6 − 10−4 eV2 (MSW) , (1.1)
∆m2atm ∼ 10−3 − 10−2 eV2 , (1.2)
∆m2LSND ∼ 1 eV2 . (1.3)
The two possibilities (see [6]) for the solar mass-squared difference ∆m2sun correspond to the
vacuum oscillation (VO) solution and to the MSW effect [7], respectively.
The three independent ∆m2’s in Eqs. (1.1)–(1.3) imply the existence of at least four
massive neutrinos. In this paper we consider the minimal possibility of four massive neutrinos
[8–16]. In this case, in addition to the three active neutrinos νe, νµ, ντ in the flavor basis,
there is a sterile neutrino νs that does not take part in standard weak interactions (see [17]).
The results of solar and atmospheric neutrino experiments have been analyzed by several
groups (see [6,1,18,19] and references therein) under the assumption of transitions into active
neutrinos (νe → νµ,τ for solar neutrinos and νµ → ντ or νµ ⇄ νe for atmospheric neutrinos)
or into sterile neutrinos (νe → νs for solar neutrinos and νµ → νs for atmospheric neutrinos).
However, in the case of four-neutrino mixing transitions into active and sterile neutrinos can
take place simultaneously for both solar and atmospheric neutrinos. In this paper we present
a formalism for the calculation of the transition probabilities into active and sterile neutrinos
of solar νe’s and atmospheric νµ’s, taking into account the matter effects in the Sun and in
the Earth (see [20–24]). The derivation of this formalism follows a method similar to the
one used to develop the formalism that describes neutrino oscillations in the framework of
three-neutrino mixing [25,22,26–30].
It has been shown [11,31,16] that there are only two schemes with four-neutrino mixing
that can accommodate the results of all neutrino oscillation experiments:
(A)
atm︷ ︸︸ ︷
m1 < m2 ≪
sun︷ ︸︸ ︷
m3 < m4︸ ︷︷ ︸
LSND
, (B)
sun︷ ︸︸ ︷
m1 < m2 ≪
atm︷ ︸︸ ︷
m3 < m4︸ ︷︷ ︸
LSND
. (1.4)
These two spectra are characterized by the presence of two pairs of close masses separated
by a gap of about 1 eV which provides the mass-squared difference ∆m2LSND = m
2
4 − m21
responsible for the oscillations observed in the LSND experiment. In the scheme A, we have
∆m2atm = m
2
2 − m21 and ∆m2sun = m24 − m23, whereas in scheme B, ∆m2atm = m24 − m23 and
∆m2sun = m
2
2 − m21. The phenomenology of neutrino oscillations in these two schemes is
identical. Hence, for simplicity we shall consider in the following only the scheme B, but all
the results are also valid in the scheme A and can be obtained by the exchange 1, 2 ⇆ 3, 4
of the mass eigenstate indices. The mass spectrum is characterized by the hierarchy
∆m2sun = ∆21 ≪ ∆m2atm = ∆43 ≪ ∆m2LSND = ∆41 , (1.5)
with ∆kj ≡ m2k −m2j .
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It has been shown in [12,15] that the upper bound NBBNν < 4 for the effective number of
neutrinos in Big–Bang Nucleosynthesis implies that |Us3|2 + |Us4|2 in the scheme B is very
small. In this case, atmospheric neutrinos oscillate only in the νµ → ντ channel and solar
neutrino oscillate only in the νe → νs channel. However, the value of the upper bound for
NBBNν is rather controversial [32] and some authors argue that N
BBN
ν could be larger than
four. Moreover, a large value of |Us3|2 + |Us4|2 may be compatible with the upper bound
NBBNν < 4 if a large lepton asymmetry is generated by ντ ⇆ νs oscillations at times much
earlier than the time of Big–Bang Nucleosynthesis [33–35]. In this paper we do not put any
constraint on the possible value of |Us3|2+ |Us4|2. A global analysis of all neutrino oscillation
data with the formalism presented here could lead to the determination of the values of |Us3|
and |Us4|, which regulate the neutrino oscillations occurring in the early universe.
The plan of the paper is as follows: in Section II we introduce the general formulas for
the description of neutrino oscillations in matter in four-neutrino schemes; in Section III we
derive the survival probability of solar νe’s and the probabilities of νe → νs and νe → νµ,τ
transitions in the Sun; in Section IV we discuss the regeneration of solar νe’s in the Earth;
in Section V we present the formalism for the description of the oscillations of high-energy
atmospheric neutrinos in the Earth; in Section VI we derive the oscillation probabilities of
neutrinos in long-baseline experiments; in Section VII we draw our conclusions.
II. MATTER EFFECTS
In a four-neutrino mixing scheme, the flavor neutrino fields ναL (α = e, s, µ, τ) are related
to the fields νkL of neutrinos with masses mk by the relation
ναL =
4∑
k=1
Uαk νkL (α = e, s, µ, τ) , (2.1)
where U is a 4×4 unitary mixing matrix. Neglecting possible CP phases, any 4× 4 mixing
matrix can be written as a product of six rotations,
U12 , U13 , U14 , U23 , U24 , U34 , (2.2)
where
(Uij)ab = δab + (cosϑij − 1) (δiaδib + δjaδjb) + sinϑij (δiaδjb − δjaδib) . (2.3)
The order of the product of the matrices (2.2) corresponds to a specific parameterization of
the mixing matrix U . We will see that in order to study matter effects in the oscillations of
the solar and atmospheric neutrinos, it is convenient to use different parameterizations of
the mixing matrix U .
The evolution of the amplitudes ψα (α = e, s, µ, τ) of the neutrino flavor eigenstates |να〉
in matter is governed by the MSW equation [7]
i
d
dx
Ψ = HΨ , (2.4)
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where
Ψ = (ψe, ψs, ψµ, ψτ )
T (2.5)
(for example, apart from a phase, |νe〉 7→ (1, 0, 0, 0)T , etc.) andH is the effective Hamiltonian
H = 1
2p
(M2 +A) . (2.6)
Here p is the neutrino momentum, M2 is the mass-squared matrix in the flavor basis,
M2 = UM20 U † , (2.7)
with M20 = diag(m21, m22, m23, m24), and A is the matrix
A = diag(ACC ,−ANC , 0, 0) , (2.8)
with ACC = 2pVCC and ANC = 2pVNC (see [20–24]). Here VCC and VNC are the charged-
current and neutral-current matter potentials
VCC =
√
2GF Ne = 7.63× 10−14
(
Ne
NA cm−3
)
eV , (2.9)
VNC = −1
2
√
2GFNn , (2.10)
where GF is the Fermi constant, NA is the Avogadro number and Ne and Nn are the
electron and neutron number densities, respectively. These number densities are given by
Ne = ρNAYe and Nn = ρNA(1 − Ye), where ρ is the matter density in g/cm3 and Ye is the
electron number fraction. In the case of antineutrinos ACC and ANC must be replaced by
ACC = −ACC and ANC = −ANC , respectively. In Eq. (2.4) we have subtracted a common
phase generated by p+ VNC that has no effect on flavor transitions.
The flavor basis (2.5) is related to the mass basis
Ψ0 = (ψ1, ψ2, ψ3, ψ4)
T (2.11)
by
Ψ = U Ψ0 . (2.12)
Here ψk (k = 1, 2, 3, 4) are the amplitudes of the mass eigenstate neutrinos |νk〉, which are
related to the flavor eigenstates by
|να〉 =
4∑
k=1
Uαk |νk〉 (α = e, s, µ, τ) . (2.13)
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III. SOLAR NEUTRINOS
Because the solar neutrino oscillations are due to the mass-squared difference ∆21, a
convenient parameterization of the mixing matrix U for studying the matter effects is
U = U34 U24 U23 U14 U13 U12 . (3.1)
Furthermore, it is convenient to work in the rotated basis
Ψ′ = U ′
†
Ψ , (3.2)
with
U ′ = U34 U24 U23 U14 U13 (3.3)
and
Ψ′ = (ψ′1, ψ
′
2, ψ
′
3, ψ
′
4)
T
. (3.4)
Here ψ′k (k = 1, 2, 3, 4) are the amplitudes of the rotated neutrino states |ν ′k〉 =
∑
α U
′
αk|να〉.
The relation between the rotated basis (3.2) and the mass basis (2.11) is
Ψ′ = U12Ψ
0 , (3.5)
from which it is clear that ψ′3 = ψ3 and ψ
′
4 = ψ4.
The evolution equation for Ψ′ is
i
d
dx
Ψ′ = H′Ψ′ , (3.6)
with
H′ = 1
2p
(
U12M20U †12 + U ′†AU ′
)
. (3.7)
Because the rotation U34 does not have any effect on the matrix A, the effective Hamiltonian
H′ is independent of the mixing angle ϑ34. On the other hand, since the matrix A is not
invariant under the rotations U13, U14, U23, U24, the general form of H′ is very complicated.
In order to seek a simpler form, we use the fact that the negative results of short-baseline
ν¯e disappearance experiments lead to small mixing angles ϑ13 and ϑ14 [10,11]. Indeed, for
∆41 in the LSND allowed region, the results of the Bugey ν¯e disappearance experiment [36]
imply that
sin2 ϑ13 + sin
2 ϑ14 = |Ue3|2 + |Ue4|2 . 10−2 . (3.8)
Therefore, in the following we neglect the two small angles ϑ13 and ϑ14 whose contribution
to the solar neutrino transitions is negligible. Let us, however, emphasize that although
ϑ13 and ϑ14 are both small, at least one of the two must be different from zero in order to
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generate the ν¯µ → ν¯e and νµ → νe oscillations observed in the LSND experiment, whose
amplitude is Aeµ = 4
∣∣∣∑k=3,4 U∗ekUµk∣∣∣2 [10,11].
With the approximation ϑ13 = ϑ14 = 0, the mixing matrix reduces to U = U34 U24 U23 U12
and its explicit form is
U =

cϑ12 sϑ12 0 0
−sϑ12cϑ23cϑ24 cϑ12cϑ23cϑ24 sϑ23cϑ24 sϑ24
sϑ12 (cϑ23sϑ24sϑ34+sϑ23cϑ34 ) −cϑ12 (sϑ23 cϑ34+cϑ23sϑ24sϑ34 ) cϑ23cϑ34−sϑ23sϑ24sϑ34 cϑ24sϑ34
sϑ12 (cϑ23sϑ24 cϑ34−sϑ23sϑ34 ) cϑ12 (sϑ23sϑ34−cϑ23sϑ24cϑ34 ) −(cϑ23sϑ34+sϑ23sϑ24cϑ34 ) cϑ24 cϑ34
 ,
(3.9)
with cϑ ≡ cosϑ and sϑ ≡ sinϑ. One can easily see that the mixing matrix (3.9) entails the
following limiting cases:
ϑ23 = ϑ24 = 0. The mixing matrix U assumes a block-diagonal form in which νe, νs are
linear combinations of ν1, ν2 alone and νµ, ντ are linear combinations of ν3, ν4 alone.
Therefore, this case corresponds to pure νe → νs transitions for the solar neutrinos
and pure νµ → ντ transitions for the atmospheric neutrinos.
ϑ23 = pi/2. In this case, Us1 = Us2 = 0 and the solar neutrinos undergo νe → νµ and/or
νe → ντ transitions, whereas the atmospheric neutrinos undergo νµ → νs and/or
νµ → ντ transitions.
ϑ23 = pi/2, ϑ34 = pi/2. The mixing matrix U assumes a block-diagonal form in which νe, ντ
are linear combinations of ν1, ν2 alone and νµ, νs are linear combinations of ν3, ν4
alone. This case corresponds to pure νe → ντ transitions for the solar neutrinos and
pure νµ → νs transitions for the atmospheric neutrinos.
ϑ24 = pi/2. This case is excluded because it yields Us4 = 1. Hence, ν4 = νs is decoupled and
does not participate in neutrino oscillations, excluding the possibility to explain the
atmospheric neutrino data.
With the approximation ϑ13 = ϑ14 = 0 the matrix U
′ is given by
U ′ = U34 U24 U23 , (3.10)
and the effective Hamiltonian H′ assumes the simplified form
H′ = 1
2p
(
U12M20 U †12 + U †23 U †24AU24 U23
)
, (3.11)
which explicitly reads as
H′ = 1
4p

Σ21−∆21c2ϑ12+2ACC ∆21s2ϑ12 0 0
∆21s2ϑ12 Σ21+∆21c2ϑ12−2c
2
ϑ23
c2
ϑ24
ANC −s2ϑ23 c
2
ϑ24
ANC −cϑ23s2ϑ24ANC
0 −s2ϑ23 c
2
ϑ24
ANC 2m
2
3
−2s2
ϑ23
c2
ϑ24
ANC −sϑ23s2ϑ24ANC
0 −cϑ23s2ϑ24ANC −sϑ23s2ϑ24ANC 2m
2
4
−2s2
ϑ24
ANC
 ,
(3.12)
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with Σ21 ≡ m22 +m21. This is our desired simpler form of H′.
From the hierarchy (1.5) and the values of the first two diagonal elements in H′, we find
that there is a MSW resonance in the Sun for
A = ∆21 cos 2ϑ12 , (3.13)
with
A ≡ ACC + cos2 ϑ23 cos2 ϑ24ANC . (3.14)
The resonance condition (3.13) has the same form as the well-known resonance condition
for two-generation mixing, with the replacement of the usual quantity ACC in the case
of νe → νµ,τ transitions, or ACC + ANC in the case of νe → νs transitions, by ACC +
cos2 ϑ23 cos
2 ϑ24ANC . Indeed, as explained after Eq. (3.9), the two extreme cases of νe → νµ,τ
and νe → νs transitions for the solar neutrinos are recovered in the four-neutrino mixing
formalism for ϑ23 = pi/2 and ϑ23 = ϑ24 = 0, respectively.
Since ∆41 ≫ ∆43 ≫ ∆21 ∼ A, the evolution in the Sun of the amplitudes ψ′3 and
ψ′4 is adiabatic and decoupled from the evolution of the amplitudes ψ
′
1 and ψ
′
2, which can
undergo a MSW resonance. To lowest order in the power expansion in the small quantities
|ACC |/m23 ∼ |ACC |/m24 ∼ |ANC |/m23 ∼ |ANC |/m24 ∼ ∆21/m23 ∼ ∆21/m24, the eigenvalues of
the effective Hamiltonian H′ are
EM2,1 =
1
4p
(
Σ21 + ACC − cos2 ϑ23 cos2 ϑ24ANC ±
√
(∆21 cos 2ϑ12 −A)2 + (∆21 sin 2ϑ12)2
)
,
(3.15)
and EM3 = E3 = m
2
3/2p, E
M
4 = E4 = m
2
4/2p. The accuracy of Eq. (3.15) is shown in Fig.
1 in which the solid lines show the eigenvalues of the effective Hamiltonian H′ as functions
of the electron number density Ne obtained with a numerical diagonalization and the open
squares show the eigenvalues obtained with Eq. (3.15). The values of the mixing parameters
used in drawing Fig. 1 are m1 = 0, ∆21 = 1.0×10−5 eV2, ∆43 = 1.3×10−3 eV2, ∆41 = 1 eV2,
sin2 2ϑ12 = 10
−2, cos2 ϑ23 = cos
2 ϑ24 = 1/
√
2, p = 1MeV and we have assumed Nn = Ne/2.
The dashed curves in Fig. 1 show the eigenvalues for cosϑ23 = 0, corresponding to pure
νe → νµ,τ transitions in the Sun. On the other hand, the dotted curves in Fig. 1 show the
eigenvalues for cosϑ23 = cosϑ24 = 1, corresponding to pure νe → νs transitions in the Sun.
One can clearly see that as cos2 ϑ23 cos
2 ϑ24 increases, the location of the resonance is shifted
towards higher matter densities.
Apart from the common term p + VNC which has been subtracted from the beginning,
the eigenvalues EMk (k = 1, 2, 3, 4) are the energies of the energy eigenstates in matter |νMk 〉,
whose column matrix of amplitudes
ΨM =
(
ψM1 , ψ
M
2 , ψ
M
3 , ψ
M
4
)T
(3.16)
is given by
ΨM = UM12
†
Ψ′ , (3.17)
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where
(UM12 )ab = δab +
(
cosϑM12 − 1
)
(δ1aδ1b + δ2aδ2b) + sin ϑ
M
12 (δ1aδ2b − δ2aδ1b) (3.18)
is the orthogonal matrix that diagonalizes the 1–2 sector of the effective Hamiltonian H′ in
Eq. (3.12). The value of the effective mixing angle in matter ϑM12 is given by
tan 2ϑM12 =
tan 2ϑ12
1−A/∆21 cos 2ϑ12 . (3.19)
One can clearly see that there is a resonance when the condition (3.13) is satisfied and the ef-
fective mixing angle becomes ϑM12 |R = pi/4. The adiabaticity of the resonance is characterized
by the adiabaticity parameter (see [24] and references therein)
γ =
EM2 − EM1
2 |dϑM12/dx|
∣∣∣∣
R
=
∆21 sin
2 2ϑ12
2p cos 2ϑ12
(
|A˙|/A
)
R
, (3.20)
where A˙ ≡ dA/dx and the subscript R denotes values at the resonance point.
The connection between the flavor basis Ψ and the energy basis in matter ΨM is given
by
Ψ = U ′ UM12 Ψ
M = UM ΨM , (3.21)
where UM = U ′ UM12 is the effective mixing matrix in matter given by Eq. (3.9) with the
replacement of the vacuum mixing angle ϑ12 with the effective mixing angle in matter ϑ
M
12 .
Therefore, the mixing angles ϑ23, ϑ24 and ϑ34 are not modified in matter, whereas the mixing
angle ϑ12 assumes the effective value ϑ
M
12 given by Eq. (3.19).
The energy basis in matter ΨM is connected to the mass basis Ψ0 by the relation
ΨM = UM12
†
U12Ψ
0 . (3.22)
In particular one can see that ψM3 = ψ3 and ψ
M
4 = ψ4. Therefore, the energy eigenstates in
matter |νM3 〉 and |νM4 〉 coincide with the corresponding mass eigenstates |ν3〉 and |ν4〉 (energy
eigenstates in vacuum) and their evolution is adiabatic and decoupled from the evolution of
the states |νM1 〉 and |νM2 〉.
Let us now calculate the probabilities of flavor transitions for solar neutrinos. We consider
a neutrino produced in the core of the Sun at the point x0 where, for appropriate values
of ∆21 and of the neutrino momentum p, the matter density is higher than the resonance
density given by Eq. (3.13). Since its state is an electron neutrino state, we have
Ψ(x0) = (1, 0, 0, 0)
T , (3.23)
and the initial amplitudes of the energy eigenstates are
ψMk (x0) = U
M
ek (x0) (k = 1, 2, 3, 4) , (3.24)
i.e. ΨM(x0) = (cosϑ
M
12(x0), sinϑ
M
12(x0), 0, 0). The amplitudes of the mass eigenstates |νk〉 at
the point x in vacuum out of the Sun are
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ψk(x) =
∑
j=1,2
φk(x− xR) Tkj φj(xR − x0)UMej (x0) (k = 1, 2) , (3.25)
and ψ3(x) = ψ4(x) = 0. Here xR is the resonance point, φk(x2 − x1) is the phase that the
kth energy eigenstate acquires going from x1 to x2 and Tkj is the amplitude of ν
M
j → νMk
transitions in the resonance. The values of the mass eigenstate indices in Eq. (3.25) are
limited to 1, 2 because ψ3(x0) = ψ4(x0) = 0 (due to the fact that U
M
e3 = U
M
e4 = 0), and in
the resonance there are no transitions from the states |νM1 〉 and |νM2 〉 to the states |νM3 〉 and
|νM4 〉, that evolve adiabatically because of the decoupling of the 3–4 sector in the effective
Hamiltonian (3.12).
Since the probabilities of νMj → νMk and νMk → νMj transitions in the resonance are equal,
we have
|T12|2 = |T21|2 = Pc , |T11|2 = |T22|2 = 1− Pc , (3.26)
where Pc is the crossing probability given by
Pc =
exp
(−pi
2
γ F
)− exp(−pi
2
γ F
sin2 ϑ12
)
1− exp
(
−pi
2
γ F
sin2 ϑ12
) , (3.27)
where γ is the adiabaticity parameter (3.20) and F depends on the slope of A in the resonance
(see [24] and references therein). For an exponentially varying matter density F = 1 −
tan2 ϑ12. This expression for F is a good approximation for the Sun.
From Eq. (3.25), the amplitude of the flavor state |να〉 at the point x in vacuum out of
the Sun is
ψα(x) =
∑
k,j=1,2
Uαk φk(x− xR) Tkj φj(xR − x0)UMej (x0) , (3.28)
and the probabilities of νe → να transitions (α = e, s, µ, τ) are given by
P Sunνe→να = |ψα|2 =
∣∣∣∣∣ ∑
k,j=1,2
Uαk φk(x− xR) Tkj φj(xR − x0)UMej (x0)
∣∣∣∣∣
2
. (3.29)
Because the phases oscillate rapidly over the neutrino energy spectrum and over the spread
of the source–resonance and resonance–detector distances, the interference terms in this
expression are practically not observable. The observable averaged probabilities are given
by
P Sunνe→να =
∑
k,j=1,2
|Uαk|2 |Tkj|2 |UMej (x0)|2
=
(|Uα1|2|UMe1 (x0)|2 + |Uα2|2|UMe2 (x0)|2) (1− Pc)
+
(|Uα1|2|UMe2 (x0)|2 + |Uα2|2|UMe1 (x0)|2)Pc . (3.30)
With this expression and Eq. (3.9) for the mixing matrix in vacuum and the corresponding
expression for the effective mixing matrix at the production point x0 (given by Eq. (3.9) with
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the replacement ϑ12 → ϑM12(x0)), it is straightforward to calculate the νe survival probability
and the probability of νe → νs transitions:
P Sunνe→νe =
1
2
+
(
1
2
− Pc
)
cos 2ϑ12 cos 2ϑ
M
12(x0) , (3.31)
P Sunνe→νs = cos
2 ϑ23 cos
2 ϑ24
[
1
2
−
(
1
2
− Pc
)
cos 2ϑ12 cos 2ϑ
M
12(x0)
]
. (3.32)
One can see that the survival probability has the same form as in the two-generation case (see
[20–24]). The probability of νe → νµ,τ transitions is easily obtained from the conservation
of probability, P Sunνe→νµ,τ = 1− P Sunνe→νe − P Sunνe→νs, yielding
P Sunνe→νµ,τ =
(
1− cos2 ϑ23 cos2 ϑ24
) [1
2
−
(
1
2
− Pc
)
cos 2ϑ12 cos 2ϑ
M
12(x0)
]
. (3.33)
Figure 2 shows the probabilities (3.31)–(3.33) for neutrinos produced in the center of the
Sun as functions of p/∆21, with sin
2 2ϑ12 = 6 × 10−3. The dashed, solid and dotted curves
correspond to cos2 ϑ23 cos
2 ϑ24 = 0 (νe → νµ,τ transitions only), cos2 ϑ23 cos2 ϑ24 = 0.5 and
cos2 ϑ23 cos
2 ϑ24 = 1 (νe → νs transitions only), respectively. We have used the solar density
distribution given in [37]. From Fig. 2a one can see that the survival probability of solar νe’s
is sensitive to the value of cos2 ϑ23 cos
2 ϑ24 only in the range 4×104 . p/∆21 . 105MeV/eV2,
in which the resonance region is near the center of the Sun and the shift of the resonance
towards higher matter densities for increasing values of cos2 ϑ23 cos
2 ϑ24 increases the survival
probability.
Let us note that the transition probabilities of solar neutrinos can be calculated more
accurately by integrating the evolution equation (3.6) along a realistic solar density distri-
bution [37]. Since the evolution of the amplitudes ψM3 = ψ
′
3 = ψ3 and ψ
M
4 = ψ
′
4 = ψ4 is
decoupled, it is sufficient to integrate the two-dimensional evolution equation
i
d
dx
(
ψ′1
ψ′2
)
=
1
4p
(
−∆21c2ϑ12+2ACC ∆21s2ϑ12
∆21s2ϑ12 ∆21c2ϑ12−2c
2
ϑ23
c2
ϑ24
ANC
)(
ψ′1
ψ′2
)
, (3.34)
where we have subtracted a common phase generated by Σ21 that has no effect on flavor
transitions.
It is important to note that the evolution equation (3.34) and the equivalent probabilities
(3.31), (3.32) and (3.33) depend only on three parameters, ∆21, sin 2ϑ12 and cos
2 ϑ23 cos
2 ϑ24,
i.e. just one more than in the case of two generations which is usually assumed in the analysis
of solar neutrino data (see [6] and references therein). The two parameters ∆21 and sin 2ϑ12
are analogous to the usual two-generation mixing parameters ∆m2 and sin2 2ϑ, whereas
cos2 ϑ23 cos
2 ϑ24 is a new parameter characteristic of four-neutrino mixing. The existence
of only one additional parameter with respect to the two-generation case implies that the
analysis of the solar neutrino data in the four-neutrino scheme is feasible (solar neutrino
data have already been analyzed in [27] in the framework of three-neutrino mixing in which
there is also one additional parameter compared to the two-generation case).
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IV. REGENERATION OF SOLAR νe’s IN THE EARTH
The regeneration of solar electron neutrinos in the Earth has been studied in several
papers in the two-generation framework (see [20,38–47] and references therein). In this case,
the survival probability of solar νe’s after passing through the Earth is given by the standard
formula [20,38]
P Sun+Earthνe→νe = P
Sun
νe→νe +
(
1− 2P Sunνe→νe
) (
PEarthν2→νe − sin2 ϑ
)
cos 2ϑ
, (4.1)
where ϑ is the two-generation mixing angle and PEarthν2→νe is the probability of transitions from
the vacuum mass eigenstate ν2 to νe in the Earth. One can see that if the matter effect
inside the Earth is negligible, PEarthν2→νe is given by |Ue2|2 = sin2 ϑ and Eq. (4.1) reduces to
P Sun+Earthνe→νe = P
Sun
νe→νe.
Let us calculate the expression for the probability P Sun+Earthνe→να of νe → να transitions
(α = e, s, µ, τ) of the solar neutrinos after passing through the Earth in the case of four-
neutrino mixing. We consider different final flavors α because we are interested not only in
the survival probability of electron neutrinos, but also in the probabilities of νe → νs and
νe → νµ,τ transitions. In the four-neutrino scheme under consideration the state describing
a neutrino reaching the Earth from the Sun is a superposition of the two light vacuum mass
eigenstates ν1 and ν2:
|νSun〉 = ψ1 |ν1〉+ ψ2 |ν2〉 , (4.2)
with the amplitudes ψ1 and ψ2 given by Eq. (3.25). These amplitudes are connected to the
average probability of νe → να transitions in the Sun (as those given in Eqs. (3.31) and
(3.32)) by
|ψ1|2 = 1− |ψ2|2 =
P Sunνe→να − |Uα2|2
|Uα1|2 − |Uα2|2 . (4.3)
Passing through the Earth, the state (4.2) evolves to
|νSun+Earth〉 = T |νSun〉 = ψ1 T |ν1〉+ ψ2 T |ν2〉 , (4.4)
where the operator T describes the evolution inside the Earth, including the transitions
between the states |ν1〉 and |ν2〉 induced by the matter effects. The state |νSun+Earth〉 describes
the neutrinos reaching the detector. The probability of νe → να transitions after crossing
the Earth is given by
P Sun+Earthνe→να = |〈να|νSun+Earth〉|2 = |ψ1〈να|T |ν1〉+ ψ2〈να|T |ν2〉|2 . (4.5)
Since the interference terms are not observable [46], the measurable average transition prob-
ability is
P Sun+Earthνe→να = |ψ1|2 PEarthν1→να + |ψ2|2 PEarthν2→να , (4.6)
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where PEarthνk→να = |〈να|T |νk〉|2 is the probability of νk → να transitions in the Earth. Since
the probabilities PEarthν1→να and P
Earth
ν2→να are connected by the unitarity relation
PEarthν1→να + P
Earth
ν2→να
+ |Uα3|2 + |Uα4|2 = 1 , (4.7)
using Eq. (4.3), the probability of νe → να transitions after crossing the Earth (4.5) can be
written as
P Sun+Earthνe→να = P
Sun
νe→να +
(|Uα1|2 + |Uα2|2 − 2P Sunνe→να) (PEarthν2→να − |Uα2|2)
|Uα1|2 − |Uα2|2 . (4.8)
This equation is a four-neutrino analogy of the two-generation formula (4.1). Again, one can
see that if the matter effects inside the Earth are negligible, PEarthν2→να = |Uα2|2 and Eq. (4.8)
reduces to P Sun+Earthνe→να = P
Sun
νe→να. Moreover, the expression in (4.8) for P
Sun+Earth
νe→να is valid in
schemes with any number of neutrinos larger than four in which only the smallest mass-
squared difference contributes to solar neutrino oscillations (rearranging the mass eigenstate
indices, if necessary). From Eq. (4.8), for the probabilities of νe → νe and νe → νs transitions
after crossing the Earth we obtain
P Sun+Earthνe→νe = P
Sun
νe→νe +
(
1− 2P Sunνe→νe
) (
PEarthν2→νe − sin2 ϑ12
)
cos 2ϑ12
(4.9)
and
P Sun+Earthνe→νs = P
Sun
νe→νs +
(
2P Sunνe→νs − cos2 ϑ23 cos2 ϑ24
) (
PEarthν2→νs − cos2 ϑ12 cos2 ϑ23 cos2 ϑ24
)
cos 2ϑ12 cos2 ϑ23 cos2 ϑ24
,
(4.10)
with the probabilities P Sunνe→νe and P
Sun
νe→νs given by Eqs. (3.31) and (3.32), respectively.
The probability of νe → νµ,τ transitions can easily be obtained from the conservation of
probability, P Sun+Earthνe→νµ,τ = 1 − P Sun+Earthνe→νe − P Sun+Earthνe→νs . One can see that the νe survival
probability (4.9) has the same form as in the two-generation case (see Eq. (4.1)).
The expressions (4.9) and (4.10) are not defined for cos 2ϑ12 = 0. In this case
P Sunνe→νe = 1/2 and P
Sun
νe→νs = cos
2 ϑ23 cos
2 ϑ24/2, as can be seen from Eqs. (3.31) and (3.32),
independently of the values of ψ1 and ψ2 in Eq. (4.2). In this case, Eq. (4.3) does not
apply and one must calculate |ψ1|2 = 1− |ψ2|2 using Eq. (3.25) (or solving numerically the
evolution equation (3.34) in the Sun) and determine P Sun+Earthνe→να from Eqs. (4.6) and (4.7).
The expression (4.10) is also not well defined for cos2 ϑ23 cos
2 ϑ24 = 0. This is due to the
fact that in this case one has P Sunνe→νs = 0, as can be seen from Eq. (3.32), independently of the
values of ψ1 and ψ2 in Eq. (4.2), and thus Eq. (4.3) does not apply. Since cos
2 ϑ23 cos
2 ϑ24 = 0
implies that |Us3|2 + |Us4|2 = 1, the unitarity relation (4.7) leads to PEarthν1→νs = PEarthν2→νs = 0
and we have P Sun+Earthνe→νs = 0 from Eq. (4.6).
The probability PEarthν2→να can be calculated by integrating numerically the evolution equa-
tion (3.34) in the Earth with the initial amplitudes at the point y0 of neutrinos entering the
Earth (
ψ′1(y0)
ψ′2(y0)
)
=
(
sinϑ12
cosϑ12
)
. (4.11)
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The probability PEarthν2→να(y) at the point y is given by
PEarthν2→να(y) = |ψα(y)|2 =
∣∣∣∣∣∑
k=1,2
U ′αk ψ
′
k(y)
∣∣∣∣∣
2
. (4.12)
Another method to calculate the probability PEarthν2→να is based on the approximation of
the internal composition of the Earth with two or more shells of density (the minimum two
shells correspond to the core and the mantle) [29,42–45,30]. In each shell the corresponding
energy eigenstates evolve adiabatically, developing a phase, and the amplitudes in confining
shells are matched on the shell boundaries imposing the continuity of the flavor amplitudes.
The initial amplitudes in the mass basis are
Ψ0(y0) = (0, 1, 0, 0)
T , (4.13)
corresponding to |ν2〉. The final amplitude in the rotated basis
Ψ′(yn) = (ψ
′
1(yn), ψ
′
2(yn), ψ
′
3(yn), ψ
′
4(yn))
T . (4.14)
after crossing the boundaries of n slabs of matter with constant density at the points y1, y2,
. . . , yn is
Ψ′(yn) =
[
UM12Φ(yn − yn−1)UM12 †
]
(n)
[
UM12Φ(yn−1 − yn−2)UM12 †
]
(n−1)
· · ·
· · ·
[
UM12Φ(y2 − y1)UM12 †
]
(2)
[
UM12Φ(y1 − y0)UM12 †
]
(1)
U12Ψ
0(y0) , (4.15)
where the notation [. . .](i) indicates that the matter-dependent quantities inside of the square
brackets must be evaluated with the matter density in the ith slab that extends from yi−1
to yi. The quantities Φ(y) are the diagonal matrices of phases acquired by the energy
eigenstates in matter:
Φ(y) = diag
(
e−iE
M
1
y, e−iE
M
2
y, e−iE
M
3
y, e−iE
M
4
y
)
. (4.16)
However, because of the structure of the initial amplitudes (4.13) and the fact that at each
boundary between two slabs only UM12 operates, the phases of the two decoupled energy
eigenstates |ν3〉, |ν4〉 never come into play in Eq. (4.15). Therefore, only the 1–2 sector is
relevant. Defining
Ψ˜′(yn) =
(
ψ′1(yn)
ψ′2(yn)
)
, Ψ˜0(y0) =
(
ψ1(y0)
ψ2(y0)
)
=
(
0
1
)
, Φ˜(y) = diag
(
e−iE
M
1
y, e−iE
M
2
y
)
,
(4.17)
we have
Ψ˜′(yn) =
[
U˜M12 Φ˜(yn − yn−1) U˜M12
†
]
(n)
[
U˜M12 Φ˜(yn−1 − yn−2) U˜M12
†
]
(n−1)
· · ·
· · ·
[
U˜M12 Φ˜(y2 − y1) U˜M12
†
]
(2)
[
U˜M12 Φ˜(y1 − y0) U˜M12
†
]
(1)
U˜12 Ψ˜
0(y0) , (4.18)
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where U˜12 and U˜
M
12 are 2×2 matrices obtained from the 1–2 sectors of U12 and UM12 , re-
spectively. Moreover, since the probability of ν2 → να transitions in the Earth is given
by
PEarthν2→να = |ψα(yn)|2 =
∣∣∣∣∣∑
k=1,2
U ′αk ψ
′
k(yn)
∣∣∣∣∣
2
, (4.19)
one can eliminate a common phase in Eq. (4.18). Eliminating the phase generated by the
lightest energy eigenstate, the effective matrices of phases Φ˜(y) to be used in Eq. (4.18) for
practical calculations are
Φ˜(y) = diag
(
1, e−i∆
M
21
y/2p
)
, (4.20)
with
∆M21 = 2p
(
EM2 −EM1
)
=
√
(∆21 cos 2ϑ12 −A)2 + (∆21 sin 2ϑ12)2 . (4.21)
The formalism presented in this section and in the previous one is appropriate for analyz-
ing the solar neutrino data in the framework of the four-neutrino scheme B (see Eq. (1.4))
and in the scheme A with the exchange 1, 2 ⇆ 3, 4 of the mass eigenstate indices. Given
the correspondence of ∆21 and sin
2 2ϑ12 with the usual two-generation mixing parameters
∆m2 and sin2 2ϑ, the oscillations of the solar neutrinos, including matter effects, in the four-
neutrino schemes depend on only one additional quantity, cos2 2ϑ23 cos
2 2ϑ24, with respect
to the two-generation case. Therefore, we believe that the analysis of the solar neutrino data
in a four-neutrino framework is well within the reach of the groups specializing in this task.
V. ATMOSPHERIC NEUTRINOS
The flavor evolution of the atmospheric neutrinos while crossing the Earth depends on
matter [48,19,28–30] if the matter-induced potential is of the same order or larger than the
energy difference ∆43/2p of the two mass eigenstates ν3, ν4, responsible for the atmospheric
neutrino oscillations. Since the electron and neutron number densities in the Earth are
approximately equal and vary from about 2NAcm
−3 in the crust to about 6NAcm
−3 in
the center, one can see from Eqs. (1.2) and (2.9) that matter effects are important for
atmospheric neutrinos with energy larger than about 10 GeV.
A convenient parameterization of the mixing matrix U for studying the matter effects
for the atmospheric neutrinos is
U = V24 V23 V14 V13 V34 V12 , (5.1)
with
(Vij)ab = δab + (cosϕij − 1) (δiaδib + δjaδjb) + sinϕij (δiaδjb − δjaδib) . (5.2)
Here we have changed the notation for the rotation matrices from Uij to Vij and the notation
for the mixing angles from ϑij to ϕij, in order to emphasize that the parameterization of U
is different from that used in Sections III and IV for the solar neutrinos.
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It is convenient to work in the rotated basis
Ψ′ = V ′
†
Ψ , (5.3)
with
V ′ = V24 V23 V14 V13 . (5.4)
In this case the relation between the rotated basis (5.3) and the mass basis (2.11) is
Ψ′ = V34 V12Ψ
0 , (5.5)
and the evolution equation for Ψ′ is given by Eq. (3.6), with the effective Hamiltonian
H′ = 1
2p
(
V34 V12M20 V †12 V †34 + V ′†A V ′
)
. (5.6)
As in the case of the solar neutrinos, the results of the Bugey ν¯e disappearance experiment
[36] imply the constraint (3.8), i.e. sin2 ϕ13 + sin
2 ϕ14 . 10
−2. Hence, we can neglect the
two small angles ϕ13 and ϕ14 whose contributions to the atmospheric neutrino oscillations
are negligible. In this case, the explicit form of the mixing matrix U = V24 V23 V34 V12 is
U =

cϕ12 sϕ12 0 0
−sϕ12cϕ23cϕ24 cϕ12cϕ23cϕ24 sϕ23cϕ24 cϕ34−sϕ24sϕ34 sϕ23cϕ24sϕ34+sϕ24cϕ34
sϕ12sϕ23 −cϕ12sϕ23 cϕ23cϕ34 cϕ23sϕ34
sϕ12cϕ23sϕ24 −cϕ12 cϕ23sϕ24 −sϕ23sϕ24cϕ34−cϕ24sϕ34 −sϕ23sϕ24sϕ34+cϕ24cϕ34
 . (5.7)
Comparing with the explicit form (3.9) of the parameterization of the mixing matrix used
in Sections III and IV, one can see that ϕ12 = ϑ12, but the other mixing angles are different.
The mixing matrix (5.7) entails the following limiting cases:
ϕ23 = ϕ24 = 0. The mixing matrix U assumes a block-diagonal form in which νe, νs are
linear combinations of ν1, ν2 alone and νµ, ντ are linear combinations of ν3, ν4 alone.
Therefore, this case corresponds to pure νe → νs transitions for the solar neutrinos
and pure νµ → ντ transitions for the atmospheric neutrinos.
ϕ23 = pi/2. This case is excluded because it yields Uµ3 = Uµ4 = 0, implying that νµ does
not mix with the two massive neutrinos ν3, ν4. Since the mass-squared difference
m24−m23 is responsible for atmospheric neutrino oscillations, the disappearance of the
atmospheric νµ’s cannot be explained.
ϕ24 = pi/2. In this case Us1 = Us2 = 0 and the solar neutrinos undergo νe → νµ and/or
νe → ντ transitions, whereas the atmospheric neutrinos undergo νµ → νs and/or
νµ → ντ transitions.
ϕ24 = pi/2, ϕ23 = 0. The mixing matrix U assumes a block-diagonal form in which νe, ντ
are linear combinations of ν1, ν2 alone and νµ, νs are linear combinations of ν3, ν4
alone. This case corresponds to pure νe → ντ transitions for the solar neutrinos and
pure νµ → νs transitions for the atmospheric neutrinos.
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In the following we present a formalism for the analysis of the oscillations of the atmo-
spheric neutrinos in the Earth without making any assumption about the value of ϕ23, but
it is clear that in order to explain the disappearance of atmospheric νµ’s observed in atmo-
spheric neutrino experiments the mixing angle ϕ23 cannot be too large. Indeed, the up-down
asymmetry of high-energy µ-like events observed in the Super-Kamiokande experiment [1]
implies the upper bound [16]
sin2 ϕ23 = |Uµ1|2 + |Uµ2|2 . 0.55 . (5.8)
Moreover, the negative results of the short-baseline CDHS and CCFR accelerator νµ disap-
pearance experiments [49,50] imply that [10,11]
sin2 ϕ23 = |Uµ1|2 + |Uµ2|2 . 0.2 for ∆m2LSND & 0.4 eV2 , (5.9)
and the limit is much more stringent for some larger values of ∆m2LSND (for example, |Uµ1|2+
|Uµ2|2 . 2 × 10−2 for ∆m2LSND ≃ 2 eV2, see [24]). This limit is valid in a large part of the
LSND-allowed range for ∆m2LSND = ∆m
2
41,
0.2 eV2 . ∆m2LSND . 2 eV
2 . (5.10)
With the approximation ϕ13 = ϕ14 = 0, the matrix V
′ is given by
V ′ = V24 V23 =

1 0 0 0
0 cϕ23 cϕ24 sϕ23cϕ24 sϕ24
0 −sϕ23 cϕ23 0
0 −cϕ23sϕ24 −sϕ23sϕ24 cϕ24
 , (5.11)
and the effective Hamiltonian H′ is
H′ = 1
2p
(
V34 V12M20 V †12 V †34 + V †23 V †24A V24 V23
)
, (5.12)
which reads explicitly as
H′ = 1
4p

Σ21−∆21c2ϕ12
+2ACC
∆21s2ϕ12 0 0
∆21s2ϕ12
Σ21+∆21c2ϕ12
−2c2ϕ23c
2
ϕ24
ANC
−s2ϕ23 c
2
ϕ24
ANC −cϕ23s2ϕ24ANC
0 −s2ϕ23c
2
ϕ24
ANC
Σ43−∆43c2ϕ34
−2s2ϕ23c
2
ϕ24
ANC
∆43s2ϕ34−sϕ23s2ϕ24ANC
0 −cϕ23s2ϕ24ANC ∆43s2ϕ34−sϕ23s2ϕ24ANC
Σ43+∆43c2ϕ34
−2s2ϕ24ANC

, (5.13)
with Σ43 ≡ m24 +m23.
For high-energy atmospheric neutrinos crossing the Earth Σ21 ∼ ∆21 ≪ |ACC | ∼
|ANC | ∼ ∆43 ≪ Σ43 ∼ 2∆41 and there is a resonance in the 3–4 sector of the effective
Hamiltonian (5.13) for(
sin2 ϕ24 − sin2 ϕ23 cos2 ϕ24
)
ANC = ∆43 cos 2ϕ34 . (5.14)
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Since ANC < 0, there can be a resonance for neutrinos if
| tanϕ24| < | sinϕ23| and cos 2ϕ34 > 0 (5.15)
or
| tanϕ24| > | sinϕ23| and cos 2ϕ34 < 0 . (5.16)
Otherwise, there can be a resonance for antineutrinos, for which ANC → ANC > 0. One can
see that if cosϕ23 = cosϕ24 = 1, corresponding to pure atmospheric νµ → ντ transitions, the
term in parenthesis in Eq. (5.14) vanishes and there is no resonance for any value of ANC ,
for both neutrinos and antineutrinos. Indeed, if cosϕ23 = cosϕ24 = 1 the matter induced
terms in the 3–4 sector of the effective Hamiltonian (5.13) vanish and there is no matter
effect in atmospheric neutrino oscillations, as expected from the correspondence of this case
with two-generation νµ → ντ transitions that are not affected by matter effects because νµ
and ντ feel the same matter potential.
Since Σ43 ∼ 2∆41 ≫ ∆43 ∼ |ACC | ∼ |ANC | ≫ Σ21 ∼ ∆21, the evolution of the amplitudes
ψ′1 and ψ
′
2 is adiabatic and decoupled from the evolution of the amplitudes ψ
′
3 and ψ
′
4, that
are coupled by the matter effects. To lowest order in the power expansion in the small
quantities |ACC |/Σ43 ∼ |ANC |/Σ43 ∼ ∆43/Σ43 and neglecting Σ21 ∼ ∆21, the eigenvalues of
the effective Hamiltonian H′ are
EM1 = − cos2 ϕ23 cos2 ϕ24ANC/2p = − cos2 ϕ23 cos2 ϕ24VNC , (5.17)
EM2 = ACC/2p = VCC , (5.18)
EM4,3 =
1
4p
{
Σ43 −
(
s2ϕ24 + s
2
ϕ23
c2ϕ24
)
ANC
±
√[
∆43 c2ϕ34 −
(
s2ϕ24 − s2ϕ23 c2ϕ24
)
ANC
]2
+ [∆43s2ϕ34 − sϕ23s2ϕ24ANC ]2
}
. (5.19)
Note that the two light eigenvalues EM1 and E
M
2 depend on the matter potentials VNC and
VCC , respectively, but are independent of the neutrino momentum p. The accuracy of the
expression (5.19) for the two heavy eigenvalues EM3 and E
M
4 is shown in Fig. 3, in which the
lines show the third and fourth eigenvalues of the effective HamiltonianH′ as functions of the
neutron number density Nn obtained with a numerical diagonalization and the points along
the lines show the eigenvalues obtained with Eq. (5.19). The values of the mixing parameters
used for drawing Fig. 3 arem1 = 0, ∆21 = 1.0×10−5 eV2, ∆43 = 1.3×10−3 eV2, ∆41 = 1 eV2,
sin2 2ϕ12 = 10
−2, cosϕ23 = 1, cos
2 ϕ34 = 0.1. We considered p = 10GeV and Nn = Ne.
The dashed, solid and dotted lines in Fig. 3 correspond, respectively, to cos2 ϕ24 = 1, 0.5, 0.
One can see that for cos2 ϕ24 = 1 (dashed lines) there is no matter effect. Indeed, since we
assumed cosϕ23 = 1, this case corresponds to pure νµ → ντ transitions. From Fig. 3 one can
also see that the resonance is more pronounced when cos2 ϕ24 decreases, in agreement with
the condition (5.16) and the fact that the case cos2 ϕ24 = 0 (dotted lines) corresponds to
pure νµ → νs transitions, for which the effect of the matter-induced neutral current potential
is maximal.
As in the case of solar neutrinos discussed in Section III, apart from the common term
p+VNC that has been subtracted from the beginning, the eigenvalues E
M
k (k = 1, 2, 3, 4) are
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the energies of the energy eigenstates in matter |νMk 〉, whose column matrix of amplitudes
ΨM is related to Ψ′ by
ΨM = V M12
†
V M34
†
Ψ′ , (5.20)
where
(V Mij )ab = δab +
(
cosϕMij − 1
)
(δiaδib + δjaδjb) + sinϕ
M
ij (δiaδjb − δjaδib) (ij = 12, 34)
(5.21)
are the orthogonal matrices that diagonalize the 1–2 and 3–4 sectors of the effective Hamil-
tonian H′ in Eq. (5.13). The value of the effective mixing angle in matter ϕM12 is given
by
tan 2ϕM12 =
tan 2ϕ12
1−A/∆21 cos 2ϕ12 . (5.22)
However, since A≫ ∆21, we have
ϕM12 ≃ pi/2 . (5.23)
Therefore, the mixing in the 1–2 sector is strongly suppressed. The value of the effective
mixing angle in matter ϕM34 is given by
tan 2ϕM34 =
∆43 sin 2ϕ34 − sinϕ23 sin 2ϕ24ANC
∆43 cos 2ϕ34 −
(
sin2 ϕ24 − sin2 ϕ23 cos2 ϕ24
)
ANC
. (5.24)
When the resonance condition (5.14) is fulfilled, the effective mixing angle ϕM34 is equal to
pi/4, i.e. the mixing generated by ϕM34 is maximal. On the other hand, when the equality
∆43 sin 2ϕ34 = sinϕ23 sin 2ϕ24ANC is satisfied, the mixing is suppressed, as expected from
the vanishing of the off-diagonal terms in the 3–4 sector of the effective Hamiltonian H′,
leading to ϕM34 = 0 if ∆43 cos 2ϕ34 >
(
sin2 ϕ24 − sin2 ϕ23 cos2 ϕ24
)
ANC and ϕ
M
34 = pi/2 in the
opposite case. From Eq. (5.24) it is clear that if ϕ23 = ϕ24 = 0, i.e. there are only νµ → ντ
transitions, we have ϕM34 = ϕ34, because there is no matter effect, and if ϕ23 = 0, ϕ24 = pi/2,
i.e. there are only νµ → νs transitions, we have
tan 2ϕM34 =
∆43 sin 2ϕ34
∆43 cos 2ϕ34 − ANC , (5.25)
which is the usual expression for the effective mixing angle in matter in two-generation νµ–νs
mixing.
The connection between the flavor basis Ψ and the energy basis in matter ΨM is given
by
Ψ = V ′ V M34 V
M
12 Ψ
M = UM ΨM , (5.26)
where UM = V ′ V M34 V
M
12 is the effective mixing matrix in matter which can be obtained
from the vacuum mixing matrix (5.7) with the replacements ϕ12 7→ pi/2 and ϕ34 7→ ϕM34 (the
mixing angles ϕ23 and ϕ24 are not modified in matter):
18
UM =

0 1 0 0
−cϕ23cϕ24 0 sϕ23 cϕ24cϕM
34
−sϕ24sϕM
34
sϕ23cϕ24sϕM
34
+sϕ24cϕM
34
sϕ23 0 cϕ23 cϕM
34
cϕ23sϕM
34
cϕ23sϕ24 0 −sϕ23sϕ24cϕM
34
−cϕ24sϕM
34
−sϕ23sϕ24sϕM
34
+cϕ24cϕM
34
 . (5.27)
The amplitudes of the two light mass eigenstates are related to the amplitudes of the
flavor eigenstates by the relations
ψM1 = −cϕ23cϕ24ψs + sϕ23ψµ + cϕ23sϕ24ψτ . (5.28)
ψM2 = ψe , (5.29)
that are independent of the matter density. Furthermore, Eqs. (5.20) and (5.23) imply that
ψM1 = −ψ′2 and ψM2 = ψ′1, independently of the value of the matter density. Therefore, the
evolution of the amplitudes ψM1 and ψ
M
2 is adiabatic and decoupled from the evolution of the
amplitudes ψM3 and ψ
M
4 that are coupled by the matter effects. Indeed, the amplitudes ψ
M
3
and ψM4 are related to the amplitudes ψ
′
3 and ψ
′
4 by the relations ψ
M
3 = cosϕ
M
34ψ
′
3−sinϕM34ψ′4
and ψM4 = sinϕ
M
34ψ
′
3 + cosϕ
M
34ψ
′
4, with the mixing angle ϕ
M
34 which depends on the matter
density. This means that νM3 ⇆ ν
M
4 transitions occur when the variation of the matter
density is very rapid.
If a flavor neutrino να has been produced at the initial coordinate z0 along the neutrino
trajectory, we have
ψ
M(α)
k (z0) = U
M
αk
∣∣
z0
(k = 1, 2, 3, 4) , (5.30)
where we have introduced the superscript (α) to indicate explicitly the initial neutrino flavor.
The corresponding amplitudes ψ
M(α)
1 (z) and ψ
M(α)
2 (z) at the coordinate z are given by
ψ
M(α)
k (z) = exp
(
−i
∫ z
z0
EMk dz
)
UMαk (k = 1, 2) , (5.31)
where the integral must be evaluated along the neutrino path. The elements UMα1 and U
M
α2
of the effective mixing matrix in matter (5.27) do not carry the subscript z0 because they
are independent of the matter density, as long as A≫ ∆21 and Eq. (5.23) is satisfied.
Because of the decoupling of the evolution of the amplitudes ψ′1 = ψ
M
2 and ψ
′
2 = −ψM1 , the
evolution in matter of the amplitudes ψ′3 and ψ
′
4 can be calculated by integrating numerically
the two-dimensional evolution equation
i
d
dx
(
ψ′′3
ψ′′4
)
=
1
4p
(
−∆43c2ϕ34−2s
2
ϕ23
c2ϕ24ANC ∆43s2ϕ34−sϕ23s2ϕ24ANC
∆43s2ϕ34−sϕ23s2ϕ24ANC ∆43c2ϕ34−2s
2
ϕ24
ANC
)(
ψ′′3
ψ′′4
)
, (5.32)
obtained from the 3–4 sector of (5.13) and the definition
ψ′k(z) = e
−iΣ43(z−z0) ψ′′k(z) (k = 3, 4) , (5.33)
that eliminates the large common phase generated by Σ43. For an initial flavor neutrino
να, the amplitudes in the rotated basis at the coordinate z0 of neutrino production in the
atmosphere are given by
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ψ
′′(α)
k (z0) = ψ
′(α)
k (z0) = V
′
αk (k = 3, 4) , (5.34)
and we use the notation ψ
′(α)
k (z), ψ
′′(α)
k (z) for the the amplitudes in the rotated basis at the
coordinate z along the neutrino path obtained by solving the differential equations (5.32)
with the initial conditions (5.34). For example, for an initial muon neutrino we have(
ψ
′′(µ)
3 (z0)
ψ
′′(µ)
4 (z0)
)
=
(
ψ
′(µ)
3 (z0)
ψ
′(µ)
4 (z0)
)
=
(
cosϕ23
0
)
, (5.35)
to be used as the initial condition for the numerical solution of the differential equations
(5.32). The corresponding initial amplitudes ψ
M(µ)
1 (z0) and ψ
M(µ)
2 (z0) in Eq.(5.31) are
ψ
M(µ)
1 (z0) = U
M
µ1 = sinϕ23 , ψ
M(µ)
2 (z0) = U
M
µ2 = 0 . (5.36)
The probability PAtmνα→νβ(z) of να → νβ transitions at the point z is given by
PAtmνα→νβ(z) = |ψ
(α)
β (z)|2 =
∣∣∣∣∣
4∑
k=1
V ′βk ψ
′(α)
k (z)
∣∣∣∣∣
2
, (5.37)
where ψ
(α)
β (z) indicates the amplitude of the flavor state |νβ〉 at the coordinate z along the
neutrino path obtained from a pure flavor state |να〉 at the initial coordinate z0.
Since in real experiments the interference terms depending on the large phases e−iΣ43(z−z0)
are washed out by the averages over the energy resolution of the detector and over the
production region, the measurable probability is given by
PAtmνα→νβ(z) =
∣∣∣∣∣∑
k=1,2
V ′βk ψ
′(α)
k (z)
∣∣∣∣∣
2
+
∣∣∣∣∣∑
k=3,4
V ′βk ψ
′′(α)
k (z)
∣∣∣∣∣
2
, (5.38)
which can be written as
PAtmνα→νβ(z) =
∣∣∣∣∣∑
k=1,2
UMβk ψ
M(α)
k (z)
∣∣∣∣∣
2
+
∣∣∣∣∣∑
k=3,4
V ′βk ψ
′′(α)
k (z)
∣∣∣∣∣
2
. (5.39)
Furthermore, using Eq. (5.31) we obtain
PAtmνα→νβ(z) =
∣∣∣∣UMβ1UMα1 + UMβ2UMα2 exp(−i ∫ z
z0
∆EM21 dz
)∣∣∣∣2 +
∣∣∣∣∣∑
k=3,4
V ′βk ψ
′′(α)
k (z)
∣∣∣∣∣
2
, (5.40)
with
∆EM21 = E
M
2 − EM1 = VCC + cos2 ϕ23 cos2 ϕ24VNC . (5.41)
Since UMα1 = U
M
α1(1 − δαe), UMα2 = δαe and V ′e3 = V ′e4 = 0, from Eq. (5.40) one can see
that the survival probability of atmospheric electron neutrinos is one, independently of the
matter effect (this is a consequence of the approximation U13 = U14 = 0):
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PAtmνe→νe = 1 . (5.42)
Therefore
PAtmνe→νβ = P
Atm
νβ→νe
= 0 (β 6= e) . (5.43)
The other transition probabilities are given by
PAtmνα→νβ(z) = |UMβ1 |2|UMα1 |2 +
∣∣∣∣∣∑
k=3,4
V ′βk ψ
′′(α)
k (z)
∣∣∣∣∣
2
(α, β 6= e) , (5.44)
with the amplitudes ψ
′′(α)
3 (z) and ψ
′′(α)
4 (z) obtained from the numerical solution of Eq. (5.32)
with the initial condition (5.34). It is important to note that the elements UMα1 of the effective
mixing matrix in matter (5.27) depend only on the vacuum mixing angles ϕ23 and ϕ24 and
therefore they are independent of the matter density.
The transition probabilities of atmospheric antineutrinos can be obtained from Eq. (5.44)
changing the signs of the matter potentials. Note that, although we neglected possible
CP-violating phases in the neutrino mixing matrix, the transition probabilities are not CP-
symmetric,
PAtmνα→νβ 6= PAtmν¯α→ν¯β , (5.45)
because the matter effect is CP-asymmetric, but they are T-symmetric,
PAtmνα→νβ = P
Atm
νβ→να
, (5.46)
because the matter distribution is symmetric along the path of neutrinos crossing the Earth.
Instead of solving numerically the evolution equation (5.32) for atmospheric neutrinos
propagating in the Earth, the amplitudes ψ
′′(α)
3 (z) and ψ
′′(α)
4 (z) can be calculated approxi-
mating the internal composition of the Earth with two or more shells of constant density,
as done for the regeneration of solar νe’s in Earth in Section IV. In this case, after crossing
the boundaries of n matter-slabs of constant density at the points z1, z2, . . . , zn we have
Ψ˜′′(α)(zn) =
[
V˜ M34 Φ˜(zn − zn−1) V˜ M34
†
]
(n)
[
V˜ M34 Φ˜(zn−1 − zn−2) V˜ M34
†
]
(n−1)
· · ·
· · ·
[
V˜ M34 Φ˜(z2 − z1) V˜ M34
†
]
(2)
[
V˜ M34 Φ˜(z1 − z0) V˜ M34
†
]
(1)
Ψ˜′′(α)(z0) , (5.47)
where V˜ M34 is the 2×2 matrix obtained from the 3–4 sector of V M34 and
Ψ˜′′(α)(z) =
(
ψ
′′(α)
3 (z)
ψ
′′(α)
4 (z)
)
, Φ˜(z) = diag
(
1, e−i∆
M
43
z/2p
)
, (5.48)
with
∆M43 = 2p
(
EM4 −EM3
)
=
√[
∆43 c2ϕ34 −
(
s2ϕ24 − s2ϕ23 c2ϕ24
)
ANC
]2
+ [∆43s2ϕ34 − sϕ23s2ϕ24ANC ]2 . (5.49)
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The formalism presented in this section can be applied to the analysis of the atmospheric
neutrino data in the framework of the four-neutrino scheme B (see Eq. (1.4)) and in the
scheme A with the exchange 1, 2 ⇆ 3, 4 of the mass eigenstate indices. Whereas in the
case of solar neutrinos the presence of only one additional parameter (cos2 ϑ23 cos
2 ϑ24) dis-
tinguishes the oscillation probabilities in the framework of four-neutrino mixing from those
in two-neutrino mixing, in the case of atmospheric neutrinos there are two relevant mixing
angles, ϕ23 and ϕ24, in addition to the mixing parameters ∆43 and ϕ34 corresponding to the
usual two-generation mixing parameters ∆m2 and ϑ. However, information on the values
of these parameters can be obtained from solar neutrino data (as discussed above, since
the parameterizations of the mixing matrix U that we have used for the study of solar and
atmospheric neutrinos are different, we have only the equality ϕ21 = ϑ21 and a numerical
transformation between the two parameterizations is needed in practical calculations in or-
der to connect the values of the other mixing angles). Therefore, we think that the best
way to obtain information on four-neutrino mixing from the data of solar and atmospheric
neutrino experiments is to perform a combined fit. This task is challenging, but far from
impossible (analyses of the atmospheric neutrino data in the framework of three-neutrino
mixing taking into account the matter effects have been already carried out [19,28–30]).
VI. LONG-BASELINE EXPERIMENTS
The formalism presented in the previous section for studying the oscillations of the
atmospheric neutrinos with matter effects can also be applied to calculate the oscillation
probabilities in long-baseline experiments (LBL) [51]. Indeed, the region of the parameter
space explored by long-baseline neutrino oscillation experiments is similar to that explored
by atmospheric neutrino experiments. Furthermore, the neutrino beams in long-baseline
experiments propagate in the mantle of the Earth, where the matter density (ρmantle ≃
4.5 g/cm3) and electron number fraction (Ye ≃ 0.5) are approximately constant. Therefore,
we can apply the formula in Eq. (5.47) with only one slab:
Ψ˜′′(α)(z1) = V˜
M
34 Φ˜(z1 − z0) V˜ M34
†
Ψ˜′′(α)(z0) , (6.1)
with all the matter quantities evaluated for an approximate constant density in the mantle.
Taking into account Eqs. (5.34) and (5.48), we obtain∑
k=3,4
V ′βk ψ
′′(α)
k (z1) = U
M
β3U
M
α3 + U
M
β4U
M
α4 exp
(
−i∆
M
43(z1 − z0)
2p
)
. (6.2)
Inserting this expression in Eq. (5.40), one obtains that the probability of να → νβ transi-
tions with α, β 6= e in long-baseline experiments is given by
P LBLνα→νβ(L) = |UMβ1 |2|UMα1 |2 +
∣∣∣∣UMβ3UMα3 + UMβ4UMα4 exp(−i∆M43L2p
)∣∣∣∣2 (α, β 6= e) , (6.3)
where L = z1 − z0 is the source-detector distance. From the discussion in Section V it is
clear that P LBLνe→νe = 1 and P
LBL
νe→νβ
= P LBLνβ→νe = 0 for β 6= e. Hence, in the following part of
this Section we restrict the values of the flavor indices α, β to s, µ, τ .
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The survival probability of να, can be written as
P LBLνα→να(L) = |UMα1 |4 +
(
1− |UMα1 |2
)2
P LBL;3,4να→να (L) , (6.4)
with
P LBL;3,4να→να (L) = 1−
4|UMα3 |2|UMα4 |2
(|UMα3 |2 + |UMα4 |2)2
sin2
(
∆M43L
4p
)
. (6.5)
Defining
cos ξα =
UMα3√
|UMα3 |2 + |UMα4 |2
, sin ξα =
UMα4√
|UMα3 |2 + |UMα4 |2
, (6.6)
Eq. (6.5) can be written as
P LBL;3,4να→να (L) = 1− sin2 2ξα sin2
(
∆M43L
4p
)
, (6.7)
which shows that P LBL;3,4να→να (L) is a two-generation-like survival probability generated by the
mixing angle ξα. Since P
LBL;3,4
να→να (L) is bounded by( |UMα3 |2 − |UMα4 |2
|UMα3 |2 + |UMα4 |2
)2
= 1− sin2 2ξα ≤ P LBL;3,4να→να (L) ≤ 1 , (6.8)
the survival probability (6.4) is restricted to the range
|UMα1 |4 +
(|UMα3 |2 − |UMα4 |2)2 ≤ P LBLνα→να(L) ≤ |UMα1 |4 + (1− |UMα1 |2)2 . (6.9)
In the limit UMα1 = 0 we have P
LBL
να→να(L) = P
LBL;3,4
να→να (L), i.e. the survival probability of
long-baseline να’s reduces to the two-generation form (6.7).
Eqs. (6.4) and (6.7) seem to depend on only three parameters, |Uα1|2, sin2 2ξα and ∆M43 .
But since sin2 2ξα and ∆
M
43 depend on the neutrino momentum p through the matter-induced
quantity ACC , the analysis of long-baseline να disappearance experiments requires one to
express sin2 2ξα and ∆
M
43 in terms of the mixing angles ϕ23, ϕ24, ϕ34 and ∆43. Because the
matter density and composition are known and constant, such an analysis is possible.
Of particular interest is the survival probability of νµ’s that constitute the main part of
the initial beam in long-baseline experiments. It is given by
P LBLνα→να(L) = sin
4 ϕ23 + cos
4 ϕ23 P
LBL;3,4
νµ→νµ (L) , (6.10)
where P LBL;3,4νµ→νµ (L) is given by Eq. (6.7) with
ξµ = ϕ
M
34 . (6.11)
If ϕ23 = 0, which is consistent with the experimental bounds (5.8) and (5.9), the survival
probability (6.10) reduces to the two-generation form P LBL;3,4νµ→νµ (L). However, even if ϕ23 = 0,
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in general, there are simultaneous νµ → ντ and νµ → νs transitions, with pure νµ → ντ
transitions only if ϕ24 = 0 and pure νµ → νs transitions only if ϕ24 = pi/2.
The probabilities of να → νβ transitions with α 6= β are given by
P LBLνα→νβ(L) = 2 |UMα1 |2 |UMβ1 |2 − 4UMα3 UMβ3 UMα4 UMβ4 sin2
(
∆M43L
4p
)
(α 6= β) . (6.12)
In particular, the probabilities of νµ → ντ and νµ → νs transitions are
P LBLνµ→ντ (L) =
1
2
sin2 2ϕ23 sin
2 ϕ24 + cos
2 ϕ23 sin 2ϕ
M
34
[(
cos2 ϕ24 − sin2 ϕ23 sin2 ϕ24
)
sin 2ϕM34
+ sinϕ23 sin 2ϕ24 cos 2ϕ
M
34
]
sin2
(
∆M43L
4p
)
, (6.13)
P LBLνµ→νs(L) =
1
2
sin2 2ϕ23 cos
2 ϕ24 + cos
2 ϕ23 sin 2ϕ
M
34
[(
sin2 ϕ24 − sin2 ϕ23 cos2 ϕ24
)
sin 2ϕM34
− sinϕ23 sin 2ϕ24 cos 2ϕM34
]
sin2
(
∆M43L
4p
)
. (6.14)
In the limit ϕ23 = 0 we have
P LBLνµ→ντ (L) = cos
2 ϕ24 sin
2 2ϕM34 sin
2
(
∆M43L
4p
)
, (6.15)
P LBLνµ→νs(L) = sin
2 ϕ24 sin
2 2ϕM34 sin
2
(
∆M43L
4p
)
, (6.16)
i.e. the νµ → ντ and νµ → νs transition probabilities are given by two-generation-
like expressions weighted by the factors cos2 ϕ24 and sin
2 ϕ24, respectively, resulting in
pure νµ → ντ oscillations (with ϕM34 = ϕ34 and ∆M43 = ∆43, i.e. without matter ef-
fects) if ϕ24 = 0 and pure νµ → νs oscillations (with ϕM34 given by Eq. (5.25) and
∆M43 =
√
[∆43 c2ϕ34 − ANC ]2 + [∆43s2ϕ34 ]2) if ϕ24 = pi/2.
VII. CONCLUSIONS
We have presented a formalism which is appropriate for analyzing the results of the
solar, atmospheric and long-baseline experiments in the framework of four-neutrino mixing
with matter effects. We have considered the two four-neutrino mixing schemes A and B in
Eq. (1.4) that are compatible with the results of all the neutrino oscillation experiments
[11,31,16]. Only the scheme B has been considered explicitly here, but all the results are
also valid in the scheme A and can be obtained with the exchanges 1, 2⇆ 3, 4 of the mass
eigenstate indices. Since the elements Ue3 and Ue4 of the neutrino mixing matrix in the
scheme B are known to be small (see Eq. (3.8)) and negligible for the oscillations of the
solar and atmospheric neutrinos, we have used the approximation Ue3 = Ue4 = 0.
For the solar neutrinos the matter effects are important in the case of MSW transitions
in the Sun (Section III) and for the regeneration of νe’s in the Earth (Section IV). The
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oscillations of the solar neutrinos depend only on three parameters, the mass-squared dif-
ference ∆21, the mixing angle ϑ12 and the product cos
2 ϑ23 cos
2 ϑ24 (the parameterization of
the mixing matrix for the study of solar neutrinos in terms of the mixing angles ϑ12, ϑ23,
ϑ24 and ϑ34 is given explicitly in Eq. (3.9)). Therefore, only one more parameter than in
the case of two-neutrino mixing is needed in order to analyze the results of the solar neu-
trino experiments in the framework of four-neutrino mixing. Since the solar neutrino data
have already been analyzed in the framework of three-neutrino mixing [27] in which there
is also one additional parameter compared to the two-generation case, the analysis of solar
neutrino data in the framework of four-neutrino mixing using the formalism presented here
is a feasible task.
As described in Section V, the oscillations of the atmospheric neutrinos in the Earth
depend on the mass-squared difference ∆43 and the three mixing angles ϕ23, ϕ24 and ϕ34
(the parameterization of the mixing matrix for the study of the atmospheric neutrinos in
terms of the mixing angles ϕ12, ϕ23, ϕ24 and ϕ34 is given explicitly in Eq. (5.7)). Hence,
in the analysis of the atmospheric neutrino data in the framework of four-neutrino mixing
there are two parameters more than in the case of two-neutrino mixing. The best way to
constrain these parameters would be to perform a combined fit of the results of the solar,
atmospheric and possibly short-baseline and long-baseline neutrino oscillation experiments.
The formalism presented in this paper can be used to perform this task.
In conclusion, we would like to note that as a consequence of the approximation
Ue3 = Ue4 = 0 the electron neutrinos do not oscillate in the atmospheric and long-baseline
experiments. Because of the upper bound (3.8), this approximation is acceptable for the
solar and atmospheric experiments, but may be inadequate in the case of high-precision
long-baseline experiments that could observe νµ → νe transitions below the bound implied
by the constraint (3.8) (see [13]). Furthermore, we have neglected the possible presence of
CP-violating phases in the mixing matrix, because CP violation is not observable in the
solar neutrino experiments. We note that only the probability of νe survival and νe → νµ,τ
transitions can be measured in the solar neutrino experiments. In the atmospheric neutrino
experiments detected neutrinos and antineutrinos are not distinguished and the effects of
the CP-violating phases are washed out by the average over the energy resolution of the
detector and over the neutrino path length. However, it is possible that the effects of CP
violation will be measured in high-precision long-baseline experiments [14] with conventional
neutrino beams or with neutrino beams from a neutrino factory [52]. In this case, an exact
formalism of neutrino oscillations with Ue3 6= 0, Ue4 6= 0 and CP-violating phases in the
neutrino mixing matrix is necessary [53].
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FIG. 1. The solid lines show the eigenvalues of the effective Hamiltonian (3.12) as functions
of the electron number density Ne obtained with a numerical diagonalization, whereas the open
squares show the eigenvalues obtained with Eq. (3.15). We assumedm1 = 0, ∆21 = 1.0×10−5 eV2,
∆43 = 1.3 × 10−3 eV2, ∆41 = 1eV2, sin2 2ϑ12 = 10−2, cos2 ϑ23 = cos2 ϑ24 = 1/
√
2, p = 1MeV
and Nn = Ne/2. The dashed and dotted lines show the eigenvalues for cos ϑ23 = 0 and
cos ϑ23 = cosϑ24 = 1, respectively.
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FIG. 2. Survival probability of solar νe’s (a) and probabilities of νe → νµ,τ (b) and νe → νs
(c) transitions in the Sun for neutrinos produced in the center of the Sun as functions of p/∆21, for
sin2 2ϑ12 = 6×10−3. The dashed, solid and dotted curves correspond to cos2 ϑ23 cos2 ϑ24 = 0 (only
νe → νµ,τ transitions), cos2 ϑ23 cos2 ϑ24 = 0.5 and cos2 ϑ23 cos2 ϑ24 = 1 (only νe → νs transitions),
respectively.
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FIG. 3. The lines show the third and fourth eigenvalues of the effective Hamiltonian (5.13) as
functions of the neutron number density Nn obtained with a numerical diagonalization, whereas the
points show the eigenvalues obtained with Eq. (5.19). We assumed m1 = 0, ∆21 = 1.0× 10−5 eV2,
∆43 = 1.3× 10−3 eV2, ∆41 = 1eV2, sin2 2ϕ12 = 10−2, cosϕ23 = 1, cos2 ϕ34 = 0.1, p = 10GeV and
Nn = Ne. The dashed, solid and dotted lines correspond, respectively, to cos
2 ϕ24 = 1, 0.5, 0.
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